At the leading order, the low-energy effective field equations in string theory admit solutions of the form of products of Minkowski spacetime and a Ricci-flat Calabi-Yau space.
Introduction
Calabi-Yau manifolds have played a central rôle in string theory, by providing the compactifying spaces that permit four-dimensional effective actions to be extracted from tendimensional strings, via a Kaluza-Klein mechanism [1] . In this context, the requisite CalabiYau manifolds are six-dimensional, and they must be compact so that the Kaluza-Klein spectrum will be discrete, with a mass gap. The special holonomy, SU (3), of the CalabiYau spaces is a crucial aspect of their structure, since it implies that there will be N = 1 supersymmetry in the four-dimensional spacetime.
More recently, within the framework of the AdS/CFT correspondence, Calabi-Yau manifolds and other spaces of special holonomy that are instead non-compact have found a natural rôle. They can provide gravity duals for superconformal field theories with less than the maximal supersymmetry on the boundaries of anti-de Sitter spacetimes that arise in the decoupling limits of D-branes or M-branes.
At leading order, the effective equations of motion in string theory imply that a configuration of the form (Minkowski) d ×K 10−d will give a solution if the "internal" manifold K 10−d
is Ricci-flat. The further requirement of unbroken supersymmetry implies that it should have special holonomy. Beyond the leading order, there are correction terms in the effective action that modify the equations of motion that the background must satisfy. In particular, there are corrections, starting at order α ′ 3 , which imply in general that the internal manifold will no longer be Ricci-flat. This is the case even in situations with supersymmetry, such as when K is a Kähler manifold.
In this paper we study the effects of the α ′ 3 corrections in detail for several examples of six-dimensional and eight-dimensional Kähler manifolds. The metrics that we consider are all of cohomogeneity one, which means that the Einstein equation, together with the higher-order corrections, gives rise to a system of coupled ordinary differential equations for metric functions. At leading order the metrics are Ricci flat. Our examples in six dimensions include the resolved and deformed conifolds, and the R 2 bundle over CP 2 or S 2 × S 2 . In eight dimensions we consider R 2 bundles over S 2 × S 2 × S 2 , S 2 × CP 2 or CP 3 ;
R 4 bundles over S 2 × S 2 or CP 2 ; and the Stenzel metric on the R 4 bundle over S 4 . (The α ′ 3 corrections for the six dimensional resolved and deformed conifolds, and the R 2 bundle over S 2 × S 2 , were previously studied in [2] .) In each case we derive first-order systems of equations that describe the corrections to Ricci-flatness implied by the α ′ 3 terms in the string effective action. We obtain a general implicit solution of the corrected first-order equations, and then we solve them explicitly in a perturbative approach. We show how they lead to non-singular modifications of the original Ricci-flat metrics. The perturbative analysis is valid provided that the string scale √ α ′ is small compared with the scale-size L of the Calabi-Yau metric. This scale size is characterised by the size of the bolt at short distance.
Our analysis can easily be extended to include corrections at order higher than α ′ 3 , provided that one knows the relevant terms in the string effective action. In fact the nature of the possible higher-order terms is restricted severely by the fact that they must satisfy certain universality conditions, and so although not much is known from direct string or sigma-model computations, it is possible to make natural conjectures for the structure of such contributions. This was discussed in detail in [3] , where viable corrections at all orders in α ′ were proposed. Using these terms, we analyse the associated corrections to the various cohomogeneity one Kähler metrics enumerated above.
The paper begins with a discussion of α ′ corrections in string theory in section 2. We derive the explicit results for corrections to six-dimensional cohomogeneity one metrics in section 3, and to eight-dimensional metrics in section 4. In section 5 we derive results for the contributions to the Euler numbers for the various Calabi-Yau manifolds that come both from the volume integral of the Euler integrand, and also from the boundary terms that must be included for non-compact manifolds. After conclusions in section 6, we include in an appendix a summary of results by Chern on the structure of the boundary contributions to the Euler number.
α ′ Corrections in String Theory
At leading order in string loops and α ′ , the effective actions in string theory coincide with type IIA, type IIB or type I supergravities. At higher order, these effective actions are corrected by terms that involve higher derivatives, and higher powers of curvature and field strengths.
Of particular interest are corrections in the type IIA and type IIB string effective actions that are uncovered by studying multi-particle graviton and graviton/dilaton scattering.
The leading such corrections in graviton scattering, revealed by four-particle amplitudes, imply the existence of terms in the effective action at order α ′ 3 , associated with quartic invariants built from the Riemann tensor. The structure of these terms was discovered in early papers on superstrings [4] , and a first analysis of their implications for Calabi-Yau compactifications in string theory was carried out in [5] . The results at first appeared to exhibit puzzling discrepancies in relation to beta-function calculations for sigma-model in
Kähler background geometries [6, 18] , but a closer study of the quartic-curvature terms from string theory showed that the two approaches were in agreement [7] .
The superinvariant structure of the quartic curvature corrections is closely related to that of the ultraviolet counterterms generally anticipated at the three loop order in D = 4 supergravity theories or at corresponding lower orders in higher-dimensional theories. These are known for minimal N = 1, D = 4 supergravity in component form [8] where the full nonlinear structure can be written using off-shell N = 1 tensor calculus [9] or in superspace. For the N = 8 maximally extended theory (for which no off-shell formalism exists), the structure is known at the quartic order in fields [10, 11] . The N = 8 quartic counterterm is the dimensional reduction of the D = 11 M-theory quartic correction, which also corresponds to the type IIA string theory one-loop correction [12] . The full supersymmetric nonlinear structure of the D = 11 and D = 10 quartic corrections is very complicated and remains an unresolved issue, exacerbated by the absence of an off-shell formalism for the maximally supersymmetric theories. A Noether component-field program for supersymmetric construction of the quartic invariants was launched in [13, 14] . Beyond the leading order, however, one has to begin to iteratively correct the supersymmetry transformations as well; the current state of play for this incomplete program is reviewed in [15] . A related issue is the debate on the implications of the quartic corrections the structure of D-brane backgrounds in Refs [16, 17] . The full component-field construction of the quartic corrections is quite complicated, and we will not be concerned with the general case in the present paper. Instead, we will concentrate on the structure of the corrections as applied to Kähler manifolds without form-field fluxes. This is a more tractable problem, and we shall see that it sheds some light on the general construction.
One of the outcomes of the analysis of α ′ 3 corrections was that a Ricci-flat Kähler CalabiYau metric that solves the internal Einstein equations at leading order ceases to satisfy the equations when the α ′ 3 terms are present. This was shown in beta-function calculations in [6, 18] , and in string-scattering calculations in [7] . The nature of the corrections is relatively mild, in the sense that they imply a distortion of the internal metric under which, for a suitable choice of variables, it remains Kähler, but with the Ricci tensor deformed away from zero in a manner that leaves its cohomology class unchanged. It seems, therefore, that one can treat the corrections as perturbations that smoothly deform the metric away from Ricci flatness, provided that one considers a compactification whose scale size is appreciably larger than the string length scale √ α ′ .
In this paper, we shall focus principally on some explicit calculations exploring the effect of the α ′ 3 correction terms. It is useful, therefore, to begin by summarising the detailed form of these terms.
In a four-point graviton scattering calculation performed in the light-cone gauge, one finds interactions whose covariant description is provided by the contribution
in the effective action, where c is a constant, 2) and the t-tensor is defined by
for an arbitrary antisymmetric tensor M i 1 i 2 .
Further information about the quartic-curvature terms comes from considering dilaton/graviton scattering amplitudes, which imply that the total contribution to the effective action must involve a quartic curvature invariant that vanishes in Ricci-flat Kähler backgrounds. This implies that, still in light-cone gauge, the contribution (2.1) is augmented to
In (2.5) we are following the notation of [3] , in writing the contributions associated with 0, 
It was shown in [7] that the variation of Y , specialised after variation to a Ricci-flat Kähler background, gives
where here, and in all subsequent formulae, we define
where J ij is the Kähler form, and S 3 is given by
The expression given in (2.5) does not immediately allow itself to be re-expressed in a ten-dimensionally covariant fashion, since it makes explicit use of the eight-index ǫ-tensor of the transverse eight-dimensional space in the light-cone gauge. The product of two ǫ tensors in Y 2 can be replaced by antisymmetrised products of Kronecker deltas, thus allowing a covariant extension to ten dimensions, but the term Y 1 linear in ǫ admits no direct covariant extension. This problem was studied in [3, 19] , and a ten-dimensionally covariant Lagrangian was obtained. Since it is important for our later purposes, we shall review the construction of the ten-dimensionally covariant Lagrangian here, and clarify some of the issues involved.
After straightforward combinatoric manipulations, one finds that the term Y 0 , defined in (2.2), is a combination of quartic Riemann-tensor invariants given by:
Here, we define the quartic Riemann tensor invariants X 0 , . . . , X 7 , as
Using the cyclic identity for the Riemann tensor, we have
The term Y 2 is proportional to the eight-dimensional Euler integrand E 8 , generalised to arbitrary dimension: 
where 1
Of course the terms that are of quadratic or higher order in the Ricci tensor or Ricci scalar are in any case irrelevant here, since even after variation with respect to the metric, their contributions will still vanish at order α ′ 3 (since we can impose the zero'th-order Ricciflat Kähler background equations on these corrections that carry an explicit α ′ 3 factor, after varying to derive the equations of motion). However, terms linear in the Ricci tensor or Ricci scalar will contribute to the equations of motion at this order, since the variations of the Ricci terms will themselves give non-vanishing contributions. Thus we just need 18) where the ellipses represent terms of quadratic or higher order in the Ricci tensor or scalar, which can be neglected in the present discussion.
As discussed in [19] , the coefficients of terms in L that are linear in the Ricci scalar (these reside in Y
2 in our description) are not determined within sigma-model beta function calculations, since they produce contributions to the equations of motion that are absorbable by sigma-model field redefinitions. To see this more clearly, recall that what one calculates directly from the sigma model are the renormalisation group beta functions, which are taken to give effective field equations for the massless modes when set to zero. The effect of an actively-viewed general coordinate transformation with parameter V i on the metric is δg ij = ∇ (i V j) . Moreover, terms in the variation of the effective action proportional to g ij should correspond to the dilaton beta function [20, 21] . Thus, since the variation of √ −gRW gives contributions to the gravitational equation of the form ∇ i ∇ j W − g ij ∇ 2 W plus terms containing R ij , these contributions can be absorbed into coordinate-transformations of the metric and dilaton. Such terms are scheme-dependent from the sigma-model point of view, and can be changed by changes of regularisation and subtraction procedure. Nonetheless, having chosen a specific renormalisation scheme, the coefficients of terms linear in the Ricci scalar do have significance. By contrast, the terms linear in the Ricci tensor (residing in
2 in our description) are not subject to these scheme-dependent ambiguities.
Let us now look at the Y 1 term, which does not admit an obvious generalisation to a fully ten-dimensionally covariant expression whilst maintaining all of the necessary features that its exhibits in special backgrounds. This issue was explored in detail in [3] , where it was noted that by a topological property of Kähler manifolds the integral of Y 1 could be replaced by the integral of −2Y (2) 2 . In this paper, we observe that in an eight-dimensional Ricci-flat Kähler background, Y 1 can in fact be be directly expressed as
This can be seen by noting that, viewed as 8-forms, we have 20) where Θ ab = 1 2 R abmn dx m ∧ dx n . Now in a Kähler metric, with Kähler form J ij , we have
After straightforward combinatoric manipulations, we find that after substituting this into the expression for Y 2 , and using J ac J bd Θ cd = Θ ab , then the terms in Y 2 where there is no contraction of the form J ab Θ ab (i.e. the terms where there is no contraction of the Riemann tensor to give a Ricci tensor) are given by
In other words, we have the result that (2.19) holds in an eight-dimensional Ricci-flat Kähler background.
Based on the topological argument mentioned above, it was therefore conjectured in [3] that the appropriate ten-dimensionally covariant generalisation of the light-cone Lagrangian (2.5) at α ′3 order should be given by The full Lagrangian, up to this order, should take the form
where Q is a ten-dimensionally covariant function whose variation Q ij ≡ δQ/δg ij gives 
Specialising to a Ricci-flat Kähler background and substituting the former into the latter equation in the α ′ 3 terms as discussed above, gives
Taking the trace of this, substituting into the dilaton equation and neglecting the term (∂φ) 2 , since it would be of order α ′ 6 , gives (2φ + c α ′ 3 S 3 ) = 0, so we can take φ = − 1 2 c α ′ 3 S 3 [22] . Finally, (2.26) then implies that we have
Since this is the desired result, it therefore remains to establish that indeed we can take Q to be given by 28) as proposed in [3] and in agreement with (2.22).
As was noted in [3] , and as is evident from (2.11) and (2.17), the Riemann tensor structure appearing in the effective action (2.22) is much simpler than that found in each individual term in the Y 's; the full expression in (2.22) is given by
2 
A natural ansatz for P is to take This problem was studied in [19] , and indeed an action of this form was found. Here, we shall not perform an explicit variation of (2.30), but rather we shall make use of special cases of cohomogeneity one metrics that admit Ricci-flat Kähler solutions, in order to determine the coefficients c 1 and c 2 in (2.31) by requiring consistency with (2.27). We can do this by simply substituting the general cohomogeneity one metric into (2.30) and then obtaining equations of motion by varying the metric functions. 2 The calculations must be performed for eightdimensional Kähler metrics in order to pin down fully the structure of the Lagrangian. In practice, the calculations are of a sufficient degree of complexity that a computer is helpful.
We have carried out this procedure for many of the metric examples discussed in the later sections of the paper, and we find universal results for the two coefficients c 1 and c 2 ,
Thus we conclude that the Lagrangian (2.30), with
gives rise to the N = 2 sigma-model beta function. 3 In particular, note that the variation of (2.30) gives
2 This is a valid procedure provided that one substitutes the most general form of metric invariant under the isometries of the homogeneous level surfaces. Such a shortcut to obtaining a consistent truncation has also been employed in Ref. [16] . 3 In [19] , the Lagrangian Lgz
2 )] is obtained. Evidently, therefore, the scheme employed in [19] differs from ours, for which the coefficients c1 and c2 in (2.22) are uniquely defined by the fact that in a Kähler background we have (2.27).
where P ij = δP/δg ij , and we have used the fact that P itself vanishes in the Ricci-flat
(2.34)
Having determined the variation of P in (2.32), we can now go back to the tree-level string effective Lagrangian (2.23) including the dilaton, where Q is given by (2.28). Comparing (2.28) and (2.32), we see that
The relevant terms in Y (2) 2 (i.e. those linear in R) are given by Y
it follows that the variation of Y (2) 2 , in a Ricci-flat Kähler background, gives
Hence, from (2.34), it follows that
Thus we have verified that taking Q to be given by (2.28) does indeed give the correct string effective Lagrangian.
Finally, we shall make a remark about the structure of the terms proportional to g ij coming from the variation of the Lagrangians we have been considering. These terms are of significance because they should be absent in the metric beta function for the N = 2 sigma model. The calculation is slightly subtle, since not only do such terms arise from the
√ g g ij , but also from the variation of metrics in R ij and R in Y
2 and Y
2 respectively. In fact one finds
where the ellipses represent the terms not proportional to g ij , and S ij is defined by Y (2.18) ). One can show that in a Ricci-flat background ∇ i ∇ j S ij = −2 S 3 , and hence this explains the g ij term in δP/δg ij in (2.34), and the absence of the g ij terms in δQ/δg ij in (2.38).
Killing Spinors, Integrability Conditions and Field Equations
As we discussed in section 2, the equations of motion for the internal Calabi-Yau manifold K 6 in a (Minkowski) 4 × K 6 solution in string theory receive non-vanishing corrections at orders α ′ 3 and above. These are of the form
where
and from this point onwards, we shall choose units where constant c appearing in (2.1) and subsequent formulae in section 2 is set to unity. Here S n are certain invariants built from products of n Riemann tensors. Multiplying (3.1) by J k j , we can recast it in terms of differential forms as
where the Ricci-form ̺ is defined by
anddf ≡ ∂âf e a . Note that we therefore have
where ∂ and∂ are the holomorphic and anti-holomorphic exterior derivative operators.
Thus (3.3) is equivalent to ̺ = 2i ∂∂S, showing that the right-hand side can be viewed as a cohomologically trivial (1, 1) deformation of the leading-order Ricci-flat condition.
Equations (3.1) or (3.3) define a deformation from Ricci-flatness in which Kählerity is preserved. In fact the solution will also continue to be supersymmetric. It was shown in [22] that a Kähler metric satisfying (3.1) admits Killing spinors that satisfy the modified equation
where ∇η = dη + 1 4 ω ab Γ ab η. In fact (3.6) can be written as
Writing this in components,
2 ̺ ab η = 0, and multiplying by Γ c , it is manifest that the integrability condition is satisfied, by virtue of the holomorphicity condition
We shall make use of these observations about the existence of Killing spinors in the following subsections, where we study the effect of the right-hand side of (3.1) in deforming previously-known complete Ricci-flat Kähler metrics. Specifically, from the existence of the Killing spinors we shall be able to derive first-order systems of differential equations for the perturbed metrics, and hence to construct explicit solutions at order α ′ 3 . We shall apply the technique to three types of six-dimensional Ricci-flat Kähler starting points, namely the resolved conifold, the deformed conifold, and the R 2 bundles over S 2 × S 2 or CP 2 .
When we construct fully explicit perturbative solutions, we shall focus first on the term
2), corresponding to order α ′ 3 . This is the cubic curvature invariant, given in (2.10), that arises in the type IIA and IIB string theories. We shall also consider corrections at higher order in α ′ , namely α ′ 4 and α ′ 5 . Candidate terms at these, and all higher orders, that satisfy the highly-restrictive universality conditions were conjectured in [3] . 4 The universality conditions arise from the fact that, in a sigma-model beta-function calculation, since Kähler or hyper-Kähler target-space background are but specialisations of generic Riemannian backgrounds, it follows that the known special forms of the betafunctions in Kähler or hyper-Kähler backgrounds must be expressible in terms of purely Riemannian quantities. Thus, specifically, the known form of the beta function in a Ricci- Indeed, partial results for the corrected gravitino transformation have been derived in D = 11 and D = 10 supergravities via a Noether supersymmetrisation procedure for the quartic corrections to the action [15] . Conversely, one can use the universality conditions as a guide to finding the structures of correction terms. We observe that the universality properties of S allow the corrected Killing spinor condition (3.6) to be written without the use of complex structures.
There are in fact two different such forms, equivalent when evaluated on Ricci-flat Kähler spaces: one with a Γ mnpqrs structure [22] and one with a Γ mn structure [3] . The six-Γ form is 10) plus terms that vanish for the leading-order Ricci-flat Kähler solution. The two-Γ form is
The equivalence of the two forms for Ricci-flat Kähler spaces is established by dualising
105 ǫ ijklmnpq and (Γij + Γî)η = 2iJ ij , which follows from the Killing spinor holomorphicity condition (3.9).
Using the hat-flipping rules to eliminate the complex structures and dropping Ricci tensor terms, one obtains the equivalence of the two forms (3.10,3.11). This equivalence for Ricciflat Kähler spaces illustrates that the full D = 10 or D = 11 expression could be a mixture of various forms that become equivalent when evaluated on Ricci-flat Kähler spaces; this impression is borne out by the partial results in [15] .
From a geometrical point of view, the two-Γ form (3.11) is noteworthy because it shows that the α ′ corrections can be viewed as requiring a connection with torsion in the Killing spinor connection, with respect to which one simply has ∇ corr i η = 0. In order to preserve the Kähler hat-flipping rule R ijkl = −R ijkl , this corrected connection with torsion must remain hermitean, ∇ corr
In the next sections, we will use the corrected Killing equation (3.6) to work out explicitly the changes to a set of non-compact Calabi-Yau manifolds.
4 Explicit Non-compact Calabi-Yau Examples in D = 6
Corrections to the resolved conifold
To describe the metric on the resolved and deformed conifolds, it is convenient to introduce the left-invariant 1-forms σ i and Σ i for two copies of SU (2). These satisfy
We write the metric on the resolved conifold as
and choose the natural vielbein basis
where a, b and c are functions of t. The principal orbits are
The torsion-free spin connection is easily calculated. It is convenient to present it by giving the Lorentz-covariant exterior derivative ∇ = d + 1 4 ω ab Γ ab that acts on spinors, with vielbein components ∇ a defined by ∇ = e a ∇ a : After calculating the curvature from the spin connection, one finds that the Ricci tensor is given by
The corrected equations of motion (3.1) for the system are therefore given by
where the Ricci tensor is given by (4.5).
The system of first-order equations that govern the Ricci-flat resolved conifold itself can easily be derived from (4.4), by requiring the existence of a covariantly-constant spinor, satisfying ∇ a η = 0. We can see by inspection that a spinor with constant components, and satisfying the projection conditions
will be covariantly-constant provided that the first-order equationṡ
hold. We can also see that if η is normalised so thatηη = 1, then the relation
gives the Kähler form,
It is evident from (3.6) that if we now turn on the right-hand side in (3.1), the previous Killing-spinor equations will receive a modification only in the "5" direction, i.e.
We can immediately see, therefore, that the previous first-order equations for the Ricci-flat case, given in (4.8), will be modified to becomė
It should be emphasised that these are exact equations, valid for any function S(t). In other words, for any S the first-order equations (4.11) imply that that the metric (4.2)
will satisfy the modified Einstein equations (4.6). Note that analogous first-order equations were obtained by a different method, and in a different scheme, in [2] .
To solve the modified first-order equations, it is convenient to introduce a new radial coordinate ρ, defined by dt = −c −1 dρ. The first-order equations (4.11) become
where a prime denotes a derivative with respect to ρ. The functions a and b can be easily solved, giving 13) and solving for c we find
If S were an externally-specified source term, then this would represent an exact solution to the modified Einstein equations (3.1). It should, however, be emphasised that in the present paper we are taking S to be given by the higher-order corrections to the string effective action, and so S itself is a function of the curvature, and hence a function of a, b, c and their derivatives. In this context, therefore, (4.14) is an integro-differential equation, which in principle determines c.
We can give an explicit solution by linearising the system. Thus we send S −→ ε S, 15) and now work only to first order in ε. (Note that since the a and b equations in (4.12)
do not involve S, their solutions, given in (4.13), remain unchanged by the perturbation.)
Substituting (4.15) into (4.12), we find that f can be solved explicitly, to give
HereS denotes the curvature invariant appearing in (3.2), evaluated in the unperturbed Ricci-flat metric (i.e. in terms of a and b and the unperturbed metric functionc). The functionP is defined byP
If we consider the specific example of the n = 3 term in (3.2), we may note that, being the Euler integrand in six dimensions (modulo Ricci tensor terms that vanish in the background), √ g S 3 given in (2.10) is expressible (locally) as a total derivative. In the coordinate gauge we are using here, we therefore havē
An algebraic computer calculation shows thatP is given bȳ 19) where k is an arbitrary constant.
The Ricci-flat resolved conifold solution [23] is given by setting ℓ 1 = 0 in (4.13), and evaluatingc by setting S = 0 in (4.14). There is an S 2 bolt at ρ = 0, and the metric approaches the cone over T 1,1 at large ρ. We have
where we have replaced ℓ 2 by ℓ. We obtain a regular solution for f , which remains finite for 0 ≤ ρ ≤ ∞, by choosing k = −9 in (4.19). This gives
From (4.16) we find while at small ρ we have
It is clear from this that the regularity of the metric on the S 2 bolt at ρ = 0 is unaffected by the perturbation. Of course since we are working only to first-order in perturbations, it is necessary that the parameter of the perturbation expansion be small compared to unity.
The relevant dimensionless small parameter is α ′ /ℓ 2 , since ℓ sets the scale size of the bolt where the curvature of the original metric reaches its maximum, at ρ = 0. In fact one can see from (4.22) that |f | reaches its maximum at about ρ ∼ 0.23ℓ 2 , with |f | max being about 1.2 ℓ −6 . Thus if α ′ /ℓ 2 is sufficiently small that the first-order perturbation approximation is a good one, then the perturbed solution will be non-singular everywhere.
In terms of the comoving coordinate t, the functions a, b and c have the following small-distance and large-distance behaviour:
Corrections to the deformed conifold
The deformed conifold is a second resolution of the conifold metric, which has the topology of an R 3 bundle over S 3 . It can be written in the cohomogeneity-one form
for which we choose the vielbein basis
The torsion-free spin connection is then summarised in the vielbein components of the Lorentz-covariant exterior derivative ∇ = d + 1 4 ω ab Γ ab , which we find to be
There are additional terms ω extra
12
= ω extra 34 = − 1 2 (Σ 3 +σ 3 ) that lie outside the (S 3 ×S 3 )/U (1) coset, and project to zero, as discussed in [24] . The Ricci curvature is found to be [24] 
It is evident from (4.28) that a spinor η will be covariantly constant if it has constant components, satisfying the projection conditions
provided that the first-order equationṡ
hold. These are the first-order equations whose solution yields the Ricci-flat deformed conifold metric. The Kähler form is given by J ab = −iη Γ ab η, which gives where A, B and C are again given by (4.29) . If these equations are satisfied, then the metric (4.26) will satisfy the modified Einstein equations (3.1), which are
where the Ricci tensor is given by (4.30).
Defining u = a b and v = a/b, and introducing a new radial variable r such that dt = c dr, the first-order equations (4.34) become
where a prime denotes a derivative with respect to r. From these we can solve to obtain v = coth r ,
and hence a 2 = u e S coth r , b 2 = u e S tanh r , c = 1
As in the case of the resolved conifold, if S were an externally-specified function then this would represent an exact solution of the corrected first-order equations, and hence of the corrected Einstein equations (3.1). In our case S is itself an invariant constructed from the Riemann tensor, and so (4.38) is an integro-differential equation.
Working to linear order in the perturbations, we can send S −→ ε S, and write
where the barred variables denote the metric functions in the unperturbed Ricci-flat deformed conifold, and we work to linear order in ε. In fact the Ricci-flat deformed conifold solution is given bȳ
where r is related to t by dt =c dr, and
Substituting (4.39) into (4.38), we now find that the functions f and g are given by
HereS denotes the curvature invariant appearing in (3.2), evaluated in the unperturbed Ricci-flat metric. The functionP is then defined as
If we take the special case of the n = 3 term in (3.2), then, as we noted earlier, we can express √ g S 3 as a total derivative. In fact √ g is nothing but a 2 b 2 c 2 times angular factors that are independent of the radial variable, and we find that in this case we have We see that the effect of including the perturbation is to keep the metric regular near the S 3 bolt at r = 0, and provided the scale size ℓ is large enough compared to √ α ′ , the metric will be regular for all r. Note, however, that the scale of the metric is modified by a factor
(1 + 1152α ′ 3 /(25ℓ 6 )) at short distance. There was no analogous modification to the scale size of the resolved conifold in section 4.1.
Corrections to the line bundle over S
The metric ansatz (4.2) for the resolved conifold also encompasses a different complete Ricciflat metric, with a different topology. It corresponds to a situation where the principal orbits degenerate to an S 2 × S 2 bolt rather than an S 2 bolt. The first-order equations remain the same as in (4.8), with the same modified form (4.11) when the higher-order corrections are turned on. In fact the solutions now correspond simply to taking both ℓ 1 and ℓ 2 to be non-zero in (4.13), so that neither a nor b vanishes as ρ approaches zero. The Ricci-flat solution is then given by [24] 
.
(4.47)
The topology of the principal orbits is changed also; one finds that regularity of the metric at ρ = 0 implies that the period of the U (1) fibre coordinate over S 2 × S 2 is now half of its value in the T 1,1 orbits of the resolved conifold case, and so now the principal orbits are
The metric with ℓ 1 = ℓ 2 was first given in [25, 26] . For ℓ 1 = ℓ 2 , the metric was given in [27] in a different coordinate system. The analysis of the corrected solutions for this R 2 bundle over S 2 × S 2 is very similar to that for the resolved conifold in section 4.1. The only difference in the construction of the linearly-perturbed solution is that now the constant k in (4.19) must be set to zero, in order to obtain a perturbed solution that is regular at ρ = 0. The expressions forP and S 3 are now rather complicated rational functions of ρ, which we shall not present explicitly.
They are easily constructed by substituting (4.47) into (4.19) and (4.18). They are both finite everywhere, with asymptotic forms
at large distance, and
at short distance. Likewise the expression for f given by (4.16) is quite involved, and so we shall just present its asymptotic forms explicitly here. It is finite everywhere, and at large distance we now find
At small distance, we find
It is evident from these expressions that both ℓ 1 and ℓ 2 must be non-vanishing for these perturbed solutions to be regular. In particular, this means that one cannot simply obtain the modified solution for the resolved conifold by just setting ℓ 1 = 0 in the modified solution for the R 2 bundle over S 2 ×S 2 . This is understandable, since we found that it was necessary to choose k = 0 rather then k = −9 in (4.19) in order to obtain a regular modified solution for the R 2 bundle over S 2 × S 2 .
A special case for the R 2 bundle over S 2 × S 2 is when ℓ 1 = ℓ 2 , implying that the S 2 × S 2 is itself an Einstein metric. The Ricci-flat solution is then encompassed in the results of [25, 26] . Since the functions in the perturbed solution become much simpler in this case, we shall present them explicitly here. Setting ℓ 1 = ℓ 2 = ℓ, we find
In the comoving frame, the functions a = b and c have the following short-distance and large-distance behaviours: 
Corrections to the line bundle over CP

2
A final explicit Calabi-Yau example is provided by using the same construction as for the R 2 bundle over the Einstein metric on S 2 × S 2 , except that we now replace the S 2 × S 2 by the Fubini-Study metric on CP 2 , with the same value for the cosmological constant. The
Ricci-flat metric on the R 2 bundle over CP 2 is again a special case of results in [25, 26] .
The metric can be written as hold. As expected, these are the same as those for the R 2 bundle over S 2 × S 2 with a = b.
In terms of a new radial variable ρ such that dt = −c −1 dρ, the solution is again given by
The regularity of the metric at small ρ implies that the U (1) fibre coordinate z should have period ∆z = 2π, rather than the ∆z = 6π that would be required for S 5 , and so the principal orbits are S 5 /Z 3 .
Although the construction of the Ricci-flat Kähler metric is closely parallel to the case where the base is S 2 × S 2 rather than CP 2 , and the solution involves identical metric functions a and c, we find that the effect of the α ′ 3 corrections is significantly different. The essential point is that the Riemann tensor for this R 2 bundle over CP 2 is different from that for the R 2 bundle over S 2 × S 2 , since the Riemann tensors of the four-dimensional bases are different, and hence the functional forms of the Riemann-tensor invariants S differ in the two cases.
The modified first-order equations are of the identical form to (4.12), with b = a;
and so for the deformed solution we find
Perturbatively, we send S −→ ε S, and write c =c (1 + ε f ), finding
precisely analogously to (4.16). However, now we find thatP 3 is given bȳ
rather than (4.19) . In factS 3 itself now has a much simpler form too, and is given simply
The function f is now given by
(4.63)
It again has the property of vanishing at ρ = 0 and ρ = ∞, but it differs in detail from the result for f in (4.52) for the case of the R 2 bundle over R 2 .
In terms of the comoving coordinate t, the function a and c have the following behaviour:
Corrections beyond α ′ 3 order
Candidate correction terms at orders α ′ 4 and above, consistent with the highly-restrictive conditions of universality, were proposed in [3] . They are given by (3.1) and (3.2), with
Clearly, up to and including order α ′5 , one can still use the Ricci-flat background for calculating S n , as we did for S 3 . Interestingly, all the S n vanish for the conifold itself, leading us to conjecture that the conifold does not receive any higher-order corrections. The vanishing of S n for the conifold is non-trivial; it requires the precise relative values of the coefficients of the two terms in (4.65) that were conjectured in [3] .
Resolved conifold
For the resolved conifold, we have
The corresponding correction to the function c is given by
where f was given in the previous subsection, and f 4 and f 5 are given by Thus we see that the higher-order corrections up to α ′5 all vanish at ρ = 0 and ρ = ∞.
At small ρ, the function c takes the form
whilst at large ρ it takes the form
It is interesting to note that the coefficient of a given power of ρ in these expansions receives corrections at each of the higher orders in α ′ . In the asymptotic region, it is instructive to write the functions a, b and c in terms of a comoving t coordinate, in order to compare the asymptotic deviations of the resolved conifold and the higher-order-corrected resolved conifold from the cone metric itself. These functions are given by 
Thus we see that the higher-order corrections modify the asymptotic behaviour in a rather mild fashion, and in particular, they are highly normalisable at large distances. It is interesting to note that purely on dimensional grounds, one might have expected that S 3 could lead to corrections of the form 72) and in fact had the relative coefficient between the two terms in S 3 given in (2.10) been different, such a term would indeed arise. Thus specific features of the actual higher-order corrections lead to the systematic absence of structures in the series expansions.
Deformed conifold
For the deformed conifold, the explicit expressions for S 4 and S 5 are rather complicated, and we shall not present them in detail. The upshot is that the higher-order corrections have effects very similar to the α ′3 correction in modifying the small and large distance behaviour. To see this, we note that at small distances, S 3 , S 4 and S 5 are similar: whilst at large distances they all vanish. Clearly the leading order correction terms at large distance or at small distance will be determined by the small distance behaviour for the S n , which in this case are all of the same form. It follows that the corrections to the deformed conifold have the same structure as those for the α ′3 correction, which we have already discussed.
For the generic solution, the situation is rather similar, but the structure of the solution is too complex to present here. We shall present only the case with ℓ 1 = ℓ 2 ≡ ℓ, i.e, the case considered in [25, 26] . We have where r = ρ 2 + ℓ 2 . Again, the higher-order corrections vanish for both ρ = 0 and ρ = ∞.
However, the corrections have more importance than in the previous conifold example. In particular, this is the case if we look at the large-distance behaviour. Using the comoving t coordinate, we have 
Thus we see that, in this case, the next-to-leading order terms in the conifold expansion are modified by higher-order corrections.
In this case, the high-order correction sources S 4 and S 5 are rather simple; they are given by
where X = (2a 2 − 3c 2 )/a 2 . It follows straightforwardly that
, where r = ρ − ℓ 2 . In terms of the comoving coordinate t, the functions a and f have the following behaviour t → 0 :
In this section, we investigate the effects of α ′ 3 and higher corrections on the various explicit examples of eight-dimensional non-compact Ricci-flat Kähler metrics of cohomogeneity one.
These include the cases where the principal orbits are U (1) bundles over S 2 × S 2 × S 2 , S 2 × CP 2 or CP 3 , and the eight-dimensional Stenzel metric, for which the principal orbits are SO(5)/SO(3).
U(1) bundles over S
We shall represent these metrics in terms of three sets of left-invariant 1-forms for the group SU (2), denoted by σ i , Σ i and ν i . The eight-dimensional metric is then given by
We introduce the natural vielbein basis
Note that the two combinations L 1 ≡ σ 3 − ν 3 and L 2 ≡ Σ 3 − ν 3 lie outside the coset.
The torsion-free spin connection can be summarised in the expression for the spinor-
, involving the two directions outside the coset; these project out as discussed in [24] .)
It is easily seen that we can find two Killing spinors η satisfying ∇ η = 0 which imply the first-order bosonic equations
The spinors η have constant components, and satisfy the projection conditions
The Kähler form can be written as J ab = −iη Γ ab η, and is given by
The first-order equations that arise as integrability conditions for the modified Killingspinor equation (3.6) are easily seen to be given bẏ
As in the previous examples, one can easily verify that if these equations are satisfied then the Einstein equations R ab = ∇ a ∇ b S + ∇â∇bS are satisfied, where as usual ∇â ≡ J a b ∇ b .
These second-order equations are 8) where the Ricci tensor is given by
Introducing a new radial variable ρ such that dρ = g dt, it is easily seen that the solution to the modified first-order equations (5.7) is given by
As in our previous examples, this result is exact, and it is explicit (up to quadratures) if S is a given externally-specified function.
Our present interest is in the case where S is some higher-order correction term coming from string theory, as in the discussion of the previous sections. We again therefore make a linearised approximation, in which the quantity S is expressed in terms of the background Riemann tensors of the original Ricci-flat equations. Sending S −→ ε S, and writing g = g (1 + ε f ), wheref is the expression for f at zero'th order in ε, we therefore find, up to linearised order, that the metric functions are given by
and the quantitiesP andS are evaluated in the zero'th-order Ricci-flat background.
The general structure with ℓ i not equal is rather complicated to present. We shall give explicit results only for the case with ℓ i = ℓ. First let us consider the simplest case with ℓ = 0, where the metric is just the cone over the U (1) bundle over S 2 × S 2 × S 2 . Unlike the six-dimensional conifold, where S 3 vanishes, here it is non-vanishing and is given by S 3 = 3/ρ 3 . It follows that the perturbation function f 3 is given by f 3 = 9ǫ/ρ 3 . This raises the possibility that the string higher-order corrections might have the effect of resolving the singularity of the cone metric itself.
For ℓ = 0, the perturbation function f 3 is given by
where r = ρ − ℓ 2 . In the comoving t coordinate, the asymptotic behaviour of the metric functions is t → 0 :
Note that at large distances, the higher-order corrections modify terms occurring before the next-to-leading order terms of the uncorrected expansion. This is because, unlike in six dimensions, the integral of S 3 diverges at large distance in eight dimensions.
When b = a, we can replace the S 2 × S 2 with the metric for CP 2 . The metric ansatz now becomes 15) where dA = Ω (2) , and dΣ 2 4 is given by (4.55). At the zero'th order, the solutions for a, c and f are identical to that of the previous case. However, since the Riemann tensor for S 2 × S 2 is different from that for CP 2 , it follows that the α ′3 correction term S 3 is different in this case from the S 2 × S 2 × S 2 case. For simplicity, we shall only present the result when the constants are chosen so that a = c = ρ + ℓ 2 . For the cone metric (i.e. ℓ = 0) we now find S 3 = 1/r 3 instead of 3/r 3 for the S 2 × S 2 × S 2 case. It follows that there are differences in the higher-order corrections, but they are qualitatively the same.
For ℓ = 0, we find that where again r = ρ − ℓ 2 . Thus structurally, the correction terms are the same as those for the U (1) bundle over S 2 × S 2 × S 2 , but the detailed coefficients are rather different, In the comoving frame, at small distance t, a and f are given by t → 0 : 17) 5.3 U(1) bundle over CP
3
When a = b = c, we can replace S 2 × S 2 × S 2 with CP 3 . There are two convenient ways to write the CP 3 metric. One way is to use the recursive expression for the Fubini-Study metric dΣ 2 2n on CP n in terms of the Fubini-Study metric dΣ 2 2n−2 on CP n−1 , which was derived in [29] : 18) where dB = 2J n−1 , and J n−1 is the Kähler form of CP n−1 . For each n, dΣ 2 n denotes the canonically-normalised Fubini-Study metric, with R ij = 2(n + 1) g ij . Thus before taking the O(α ′ ) corrections into account, first-order equations for the metric
will be the same as those for the S 2 × S 2 × S 2 base given in section 5.1, with a = b = c. The
Kähler form for the CP n metric (5.18) is given by J n = 1 2 dA, where A = sin 2 α (dτ + B) [29] . Using (5.18) the metric on CP 3 can be written in terms of the CP 2 metric (4.55), with
An alternative construction for the CP n metrics can be given by introducing leftinvariant 1-forms L A B for the group SU (n + 1), where 0 ≤ A ≤ n, L A A = 0, and
Writing A = (0, i), where 1 ≤ i ≤ n, we can obtain a vielbein for the coset CP n = SU (n + 1)/U (n) by taking just the subset L 0 i and L i 0 of the leftinvariant 1-forms, i.e. by modding out by the SU (n) 1-forms L i j and U (1) 1-form L 0 0 . In a real basis, we can define
The spin connection and curvature 2-forms for CP n are therefore given by
and the Kähler form is
Thus we see that R ij = 2(n + 1) δ ij , and hence the metric dΣ 2 2n = e i e i + eĩ eĩ is the canonically-normalised Fubini-Study metric on CP n .
Using either of the above constructions, it is a straightforward matter to calculate the curvature for the metric (5.19) , and hence to show that the cubic Riemann tensor invariant is given in this case by
Clearly, the cone of the U (1) bundle over CP 3 , corresponding to a = √ 2 g, is locally Euclidean since the principal orbits are locally the round S 7 , and hence locally the curvature and all higher-order corrections vanish. If ℓ = 0, we have 24) where r = ρ − ℓ 2 . Since now S 3 is normalisable, the correction is very different from the previous ones. In the comoving frame, a and g have the asymptotic forms t → 0 :
Stenzel metrics; SO(5)/SO(3) orbits
We shall closely follow the notation of [24] for writing the cohomogeneity one metrics with SO(n + 2)/SO(n) principal orbits:
where 3 ≤ i ≤ n + 2, 27) and the L AB with 1 ≤ A ≤ n are the left-invariant 1-forms of the group SO(n+2), satisfying
We choose the natural orthonormal basis
We takeē 0 ≡ ν andē i ≡ σ i as a vielbein basisē a for the sphere S n+1 = SO(n + 2)/SO(n + 1). A simple calculation shows that the torsion-free spin connection is given
, and hence that the curvature 2-forms for the metric ds 2 ≡ e aēa = σ 2 i + ν 2 are given byΘ ab = e a ∧ e b . This proves that ds 2 n is the metric on the unit (n + 1)-sphere. Thus the SO(n + 2)/SO(n) principal orbits in (5.26) can be viewed as S n fibres over a (squashed) S n+1 base, withσ i being 1-forms on the S n fibres. 5 Calculating the torsion-free spin connection for (5.28), one finds that the spinor covariant exterior derivative is given by
(There are also additional terms ω extra ij = ω extrã ij = −L ij that lie outside the coset, and that project to zero [24] .)
It is evident from these first-order equations that there is a solution whose short-distance behaviour (near t = 0) takes the form
This is precisely the short-distance behaviour of the Stenzel metrics [24] , which are complete and non-singular. It is clear from (5.31) that the metricσ 2 i on the S n fibres must describe a sphere of unit radius, in view of the regularity at t = 0. Thus we can conclude that the principal SO(n + 2)/SO(n) orbits in the Stenzel metrics have a volume given by
Since the volume of the unit n-sphere is Vol(S n ) = 2π (n+1)/2 /Γ((n + 1)/2), it follows that the volumes of the principal orbits in the Stenzel metrics are given by
We shall make use of this result later, when calculating the contributions of the volume and boundary terms in the expression for the Euler number.
Specialising to D = 8 (i.e. n = 3), the Ricci tensor is given by [24] As in the previous cases, one can verify that if these equations are satisfied, then the metric satisfies the modified Einstein equations R ab = ∇ a ∇ b S +∇â∇bS. Explicitly, these equations are
where the Ricci tensor is given by (5.34).
The first-order equations (5.38) can be solved by defining u ≡ a b, v ≡ a/b and introducing a new radial variable r such that dt = c dr. The first-order equations become In our perturbative discussion, we can solve explicitly for the linearised deformations by sending S −→ ε S, and writing Solving for f and g at linearised order in ε, we then find
where In the comoving coordinate t, the metric functions a, b and c behave in the following way at small distances
and at large distances, they behaves as 
Corrections beyond α ′ 3 order
The calculation for higher-order corrections up to order α ′5 is straightforward, but the results are rather complicated to present in detail. We shall only list the large and small distance behaviour in the comoving coordinate system.
As in the previous case, we only consider the simplest case with a = b = c. We just give the large and small distance behaviour. For r → 0, we have
For r → ∞, we have
In this case, the higher-order correction to the function s is given by (assuming the simple case a = c)
In this case, the correction is easy to obtain, since we have 
where r = ρ − ℓ 2 .
Stenzel metric
The structure in this case is again rather complex. We shall only present S 3 , S 4 and S 5 , which are given by From these, it is straightforward to find the perturbation functions f and g, given in (5.45).
APPENDICES A Topological Invariants and the Curvatura Integra
The Euler number of a compact manifold M of (even) dimension n = 2p is given by integrating the n form
where Θ ab = dω ab + ω a c ∧ ω cb is the curvature 2-form; χ = M Ψ. The n-form Ψ can be rewritten as Ψ = E n √ g d n x, where the "Euler integrand" E n is given by
[a 1 a 2 R a 3 a 4 a 3 a 4 · · · R a n−1 an a n−1 an] .
(A.2)
In a non-compact manifold, the Euler number is not given just by the volume integral of the Euler integrand; there is also a boundary term that must be included [30] : The second fundamental form is defined by
In the case of metrics ds 2 = dt 2 + ds 2 (t), which includes all our examples in sections 4 and 5, the unit vector normal to the boundary at t = t 0 is just given by u = ∂/∂t, and so 
It is interesting to note that if we vary the metric g ab in E 8 then those terms linear in R ab are given by 
B Euler Numbers from Curvature Integrals
In Appendix A, we review some standard material on the calculation of the Euler number in terms of integrals over quantities formed from the curvature of the metrics. Because the manifolds M that we are studying here are non-compact, it is necessary to include the contributions not only of the usual volume term in the Euler integrand, but also a contribution coming from the boundary ∂M that one can introduce in order to compactify the manifold. The Euler number is then given by
where M 0 denotes the compact manifold introduced by cutting off the n-dimensional noncompact manifold M with a boundary ∂M 0 . The answer is, of course, independent of any smooth deformation of ∂M 0 . It is useful to introduce the notation ∂M to denote the limiting case where the boundary is pushed out all the way to infinity. The n-form Ψ is the usual Euler form, and the (n − 1)-form Φ is the curvatura integra that is constructed in [30] , which supplies the boundary term.
It is now a mechanical exercise to calculate the contributions given in (B. where the boundary is taken to be at t = t 0 , in the limit where t 0 −→ ∞. These results are all consistent with expectation. The resolved conifold is an R 4 bundle over S 2 , whose
Euler number is the same as that for a direct product R 4 × S 2 , giving χ = 1 × 2 = 2. The deformed conifold is an R 3 bundle over S 3 , giving χ = 1 × 0 = 0. The R 2 bundles over S 2 × S 2 and CP 2 give χ = 1 × 2 × 2 = 4 and χ = 1 × 3 = 3 respectively.
It should be noted that even in a case such as the deformed conifold, which has zero
Euler number, the volume integral of the Euler integrand E 6 is non-zero.
We now turn to the eight-dimensional metrics that we considered in section 5. For these, Note that although one customarily tends to evaluate the volume and boundary contributions to the Euler number by choosing a boundary surface that is pushed out to infinity, as in our results presented above, the boundary can equally well be chosen to be at any radius. We have explicitly verified for all the six-dimensional and eight-dimensional examples listed above that one indeed gets the identical results for M Ψ + ∂M Φ when the bounding surface is taken to be at any radius r 0 . This provides a useful check that the computations of Ψ and Φ, which are quite involved, are indeed correct.
An interesting limiting choice for the radius of the bounding surface is to take it to lie at r 0 = 0; i.e. at the origin, on the base B of the R n fibre bundle over B. In this case, there is no contribution at all from the volume integral M Ψ, and the entire contribution to the Euler number comes from the boundary term ∂M Φ, with Φ evaluated at r = 0.
